On the complexity of polynomial reduction∗
Joris van der Hoeven
LIX, CNRS
École polytechnique
91128 Palaiseau Cedex
France
Email: vdhoeven@lix.polytechnique.fr
Web: http://lix.polytechnique.fr/~vdhoeven
May 30, 2015
Sparse interpolation [1, 3, 2, 10] provides an interesting paradigm for efficient computations with multivariate polynomials. In particular, under suitable
hypothesis, multiplication of sparse polynomials can be carried out in quasi-linear
time, in terms of the expected output size. More recently, other multiplication
algorithms have also been investigated, which outperform naive and sparse interpolation under special circumstances [11, 9]. An interesting question is how to
exploit such algorithms for accelerating other operations. In this paper, we will
focus on the reduction of a multivariate polynomial with respect to an autoreduced
set of other polynomials and show that fast multiplication algorithms can indeed
be exploited in this context in an asymptotically quasi-optimal way.
Consider the polynomial ring 𝕂[x] = 𝕂[x1, …, xn ] over an effective
field 𝕂 with an effective zero test. Given a polynomial P = ∑i∈ℕ n Pi x i =
∑i1,…,in∈ℕ Pi1,…,in x1i1 ⋯ xnin, we call supp P = {i ∈ ℕn: Pi ≠ 0} the support of P.
The naive multiplication of two sparse polynomials P, Q ∈ 𝕂[x] requires a priori
𝒪(∣supp P∣ ∣supp Q∣) operations in 𝕂. This upper bound is sharp if P and Q are
very sparse, but pessimistic if P and Q are dense.
Assuming that 𝕂 has characteristic zero, a better algorithm was proposed in [2]
(see also [1, 3] for some background). The complexity of this algorithm can be
expressed in the expected size s = ∣supp P + supp Q∣ of the output (when no cancellations occur). It is shown that P and Q can be multiplied using only 𝒪(M(s) log s)
operations in 𝕂, where M(s) = 𝒪(s log s log log s) stands for the complexity of
multiplying two univariate polynomials in 𝕂[z] of degrees <s. Unfortunately, the
algorithm in [2] has two drawbacks:
1. The algorithm leads to a big growth for the sizes of the coeﬃcients, thereby
compromising its bit complexity (which is often worse than the bit complexity
of naive multiplication).
2. It requires supp P Q ⊆ supp P + supp Q to be known beforehand. More precisely, whenever a bound supp P Q ⊆ supp P + supp Q ⊆ 𝒮 is known, then we
really obtain a multiplication algorithm of complexity 𝒪(M(∣𝒮∣) log ∣𝒮∣).
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In practice, the second drawback is of less importance. Indeed, especially when
the coeﬃcients in 𝕂 can become large, then the computation of supp P + supp Q
is often cheap with respect to the multiplication P Q itself, even if we compute
supp P + supp Q in a naive way.
Recently, several algorithms were proposed for removing the drawbacks of [2].
First of all, in [10] we proposed a practical algorithm with essentially the same
advantages as the original algorithm from [2], but with a good bit complexity and
a variant which also works in positive characterisic. However, it still requires a
bound for supp P Q and it only works for special kinds of ﬁelds 𝕂 (which nevertheless cover the most important cases such as 𝕂 = ℚ and ﬁnite ﬁelds). Even faster
algorithms were proposed in [7, 11], but these algorithms only work for special
supports. Yet another algorithm was proposed in [5, 9]. This algorithm has none
of the drawbacks of [2], but its complexity is suboptimal (although better than the
complexity of naive multiplication).
At any rate, these recent developments make it possible to rely on fast sparse
polynomial multiplication as a building block, both in theory and in practice. This
makes it natural to study other operations on multivariate polynomials with this
building block at our disposal. One of the most important such operations is division.
The multivariate analogue of polynomial division is the reduction of a polynomial A ∈ 𝕂[x] with respect to an autoreduced tuple B = (B1, …, Bb) ∈ 𝕂[x]b of other
polynomials. This leads to a relation
A = Q1 B1 + ⋯ + Qb Bb + R,

(1)

such that none of the terms occurring in R can be further reduced with respect to B.
In this paper, we are interested in the computation of R as well as Q1, …, Qb. We
will call this the problem of extended reduction, in analogy with the notion of an
“extended g.c.d.”.
Now in the univariate context, “relaxed power series” provide a convenient
technique for the resolution of implicit equations [4, 5, 6, 8]. One major advantage
of this technique is that it tends to respect most sparsity patterns which are present
in the input data and in the equations. The main technical tool in this paper (see
section 2) is to generalize this technique to the setting of multivariate polynomials,
whose terms are ordered according to a speciﬁc admissible ordering on the monomials. This will make it possible to rewrite (1) as a so called recursive equation (see
section 3.2), which can be solved in a relaxed manner. Roughly speaking, the cost
of the extended reduction then reduces to the cost of the relaxed multiplications
Q1 B1, …, Qb Bb. Up to a logarithmic overhead, we show that this cost is the same
as the cost of checking the relation (1).
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